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ABSTRACT 

The Hawking radiation of Dirac particles in a charged Vaidya - de Sit- 
ter black hole is investigated by using the method of generalized tortoise 
coordinate transformation. It is shown that the Hawking radiation of Dirac 
particles does not exist for Pi,Q2 components, but for P2,Qi components it 
does. Both the location and the temperature of the event horizon change with 
time. The thermal radiation spectrum of Dirac particles is the same as that 
of Klein-Gordon particles. 
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I. INTRODUCTION 

Hawking's investigation of quantum effects interpreted as tlie emission of a thermal 
spectrum of particles by a black hole event horizon sets a significant landmark on black hole 
physics. In the last few decades, much work has been done in the Hawking effect of black 
holes in different types of space-time, such as Vaidya Kerr-Newman and NUT-Kerr- 
Newman-de Sitter |Q space-times. The thermal radiation of Dirac particles, especially with 
the aid of Newman-Penrose formalism has been also investigated in some spherically 
symmetric and non-static black holes However, most of these studies concentrated on 
the spin state p = 1/2 of the four-component Dirac spinors. Recently, the Hawking radiation 
of Dirac particles of spin state p = —1/2 attracts a little more attention 0. 

In this paper, we investigate the Hawking effect of Dirac particles in the Vaidya-type 
black hole by means of the generalized tortoise transformation method. We consider si- 
multaneously the limiting forms of the first order form and the second order form of Dirac 
equation near the event horizon because the Dirac spinors should satisfy both of them. From 
the former, we can obtain the event horizon equation, while from the latter, we can derive 
the Hawking temperature and the thermal radiation spectrum of electrons. Our results are 
in accord with others. With our new method, we can prove rigorously that the Hawking 
radiation does not exist for Pi,Q2 components of Dirac spinors. The origin of this asym- 
metry of the Hawking radiation of different spinorial components probably stem from the 
asymmetry of space-time in the advanced Eddington-Finkelstein coordinate system. As a 
by-product, we point out that there could not have been any new quantum thermal effect [0 
in the Hawking radiation of Dirac particles in any spherically symmetric black hole whether 
it is static or non-static. 

The paper is organized as follows: In section 2, we work out the spinor form of Dirac 
equation in the Vaidya-type black hole, then, we obtain the event horizon equation in Sec. 
3. The Hawking temperature and the thermal radiation spectrum are derived in Sec. 4 and 
5, respectively. Sec. 6 is devoted to some discussions. 

II. DIRAC EQUATION 

The metric of a charged Vaidya - de Sitter black hole with the cosmological constant A 
is given in the advanced Eddington-Finkelstein coordinate system by 
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ds^ = 2dv{Gdv - dr) - r^dO^ + sin^ Odip^) , 
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(1) 



and the electro-magnetic one-form is 



A = ^dv (2) 



where 2G = 1 — ^ + ^ — ^r^, in which both mass M{v) and electric charge Q{v) of the 
hole are functions of the advanced time v. 

We choose such a complex null-tetrad {/,n, m,m} that satisfies the orthogonal condi- 
tions I ■ n = —m ■ m = 1. Thus the covariant one- forms can be written as 



I = dv , '"^ ~ 75 ('^^ + ^ Sdip) , 

n = Gdv — dr , ^=75 {dO — i sin Odip) . 

and their corresponding directional derivatives are 

D = -— S = — (—-\--^—) 

ar ' " ^/2r Vi9f sine dip J ' 

A _ A _l_ T _ 1 f A » d 



(3) 



(4) 



It is not difficult to determine the non-vanishing Newman- Penrose complex coefficients 
in the above null-tetrad 

1 G Gr ^ cote 

P = /^ = — , 7 = — TT 1 13 = -a = —j=- . 5 
r r 2 2v2r 

Inserting for the following relations among the Newman- Penrose spin-coefficients Q 

(6) 



^ r ' 2V2r 



and the electro-magnetic potential 

A-Z = 0, A-n = Q/r, A-m = -A-m = 0, (7) 

into the spinor form of the coupled Chandrasekhar-Dirac equation P], which describes the 
dynamic behavior of spin-1/2 particles, namely 



-^Here and hereafter, we denote G^r = dG/dr, etc. 
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{D + e-p + tqA-l)Fi + (6 + n-a + tqA- m)F2 = , 
(A + - 7 + zgA ■ n)F2 + {6 + p - r + iqA ■ m)Fi = , 
{D + e*-p* + iqA ■ l)G2 - (5 + 7f* - a* + iqA ■ m)Gi = '-^F^ , 
(A + /i* - 7* + iqA ■ n)Gi -{6 + (3*-T*+ iqA ■ m)G2 = 

where /iq and q is the mass and charge of Dirac particles, one obtains 

in which we have defined operators 

V = 2r2 (^|- + G^^ + (r^G),, + 2iqQr , 

C = — + -cot9~———, = — + - cote + 



(9) 



de 2 sine dip de 2 sine dip 

One can observe that the Chandrasekhar-Dirac equation (8) could be satisfied by iden- 
tifying Qi, Q2, qQ with P2 ) ) ^Q'Q) respectively. By substituting 

-^l = ^^-Pl) F2 = P2, Gi = Qi , G2 = ^=-Q2, 

into Eq. (j^), they have the form 



Pi + £P2 = i/ior-Qi , VP2 + £tPi = z;,QrQ2 
--^Q2 - ^^Qi = i^orP2 , T)Qi - CQ2 = ifiorPi 



a_ 

dr 

a_ 

dr 



(10) 



III. EVENT HORIZON 

Now separating variables to Eq. ([T0| ) as 

Pi = R,{v, r)S,{e, P2 = R2{v, r)S2{e, ^) , 

Qi = R2{v, r)Si{e, , Q2 = r)52(^, , 

then we have the radial part 

d 

— Pi = (A - z/ior)P2 , PP2 = (A + 2/ior)Pi, (11) 
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and the angular part 



jC^ Si — — AS'2 , JCS2 — AS*! , 



(12) 



where X = i + 1/2 is a separation constant. Both functions Si{9,ip) and S2{0,ip) are, 
respectively, spinorial spherical harmonics syem{0,ip) with spin-weight s = ±1/2, satisfying 



^ + cot^— + — 



d'^ 2is cos 9 d 

+ 



sin 6 dip 



- cot^ 9 + s + {i-s){i + s + l) sYeU^, ^) = . 



(13) 



As to the thermal radiation, we should be concerned about the behavior of the radial part 
of Eq. (pup near the horizon only. Because the Vaidya-type space-times are spherically sym- 
metric, we introduce as a working ansatz the generalized tortoise coordinate transformation 

m 



V-Vo. 



(14) 



where th is the location of the event horizon, k is an adjustable parameter and is unchanged 
under tortoise transformation. The parameter vq is an arbitrary constant. From formula 
(P^, we can deduce some useful relations for the derivatives as follows: 



d_ 

dr 



2/t(r — th) 



_d_ d_ 

dr^: ' dv 



_d_ 



rH,v 



d 



2/t(r — th) dr^ 

Now let us consider the asymptotic behavior of Ri,R2 near the event horizon. Under 
the transformation (0), Eq. ( [Tl| ) can be reduced to the following limiting form near the 
event horizon 



0, 2rl[G{rH)-rH,,]-^R2 = Q 



(15) 



after being taken limits r ^^{vq) and v — Vq. 

From Eq. (|l^), we know that Ri{r^) = const is regular on the event horizon. Thus the 
existence condition of a non-trial solution we can have for R2 is (as for rn 7^ 0) 



2G(rH) - 2rH,v = . 



(16) 



which determines the location of horizon. The event horizon equation (|TB|) can be inferred 
from the null hypersurface condition, g^^diFdjF = 0, and F{v,r) = 0, namely r = r{v). It 
follows that th depends on time v. So the location of the event horizon and the shape of 
the black hole change with time. 
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IV. HAWKING TEMPERATURE 



In the preceding section, we have deduced the event horizon equation from the hmiting 
form of the separated radial part of the first order Dirac equation. Using a similar procedure 
to its second order equation, we can derive the Hawking temperature and the thermal 
radiation spectrum. A direct calculation gives the second order radial equation 



/ ^2 ^2 \ 

y Sr^ dvdr J ^ 



{r^G)^r + 2iqQr + 



A2 + 



d_ 

dr 



(17) 



2r^ f^l^ + ^) i?2 + [3(r^G), + 2^qQr] ^R, + Ar^R, - ^^^^ 



or 



-2r^-^ + (r^G) , + 2iqQr 
ov 



R2+ {r'G)^rr + 2iqQ-{X' + ijy 



R2 = 0. 



Given the transformation (|1^), Eqs. (|T^,[T8|) have the following limiting forms near the 
event horizon r = th 



—-^Ri + 2— — - — ill 

ori or^ov^ 



-A + GJrH) + 



2iqQ + 2G{rH) 



+ 



^ + AG^th) - 2rH, 



d_ 



Ri 



A 
2k 



+ 2G{rH) 



92 92 
—R, + 2j——Ri = 

ori or^ov^ 



(19) 

2iqQ + 6G{rH) - Avh,, 



A 
2k 



+ 2G{rH) 
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2 



Ri 



+ 



-A + ?,GJrH) + 



2iqQ + 2G{rH) 



_d_ 



R2 = 0. 



(20) 



where we have used relations 2G{rH) = 2rH,v and ^-Ri = 0. 

With the aid of the event horizon equation (0), namely, 2G{rH) = 2rH,vi we know that 
the coefficient A is an infinite limit of ^ type. By use of the L' Hospital rule, we get the 
following result 



A 



hm ^-^^^^ = 2GArH) 
^r„{vo) r — Th 



(21) 



Now let us select the adjustable parameter k in Eqs. (|T9|, ^0]) such that 



(22) 



which means the temperature of the horizon is 
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K 



1 - 2G{rH) 1 - 2rH,. ' 
Such a parameter adjustment can make Eqs. (0,^) reduce to 

— + 2- — - — _Ri — , 

or 2 or^ov^ 

and 



9^ R j_ 9 92 



-R2 + 



2iqQ+2G{rH) 



= §,R2 + 2^i?2 + 2{C + lu^) = . 

where tuo, C will be regarded as finite real constants, 

cuo = — , 2C = GArH)^ . 

Eqs. ( |2^j25| ) are standard wave equations near the horizon. 



V. THERMAL RADIATION SPECTRUM 



Combining Eq. (^4]) with ^-Ri = 0, we know that i?i is a constant near the 



The solution i?i = -RiqC ^'^'"* means that Hawking radiation does not exist for R^. 
Now separating variables to Eq. as 



R. = R.ir^e-'^''' 



and substituting this into equation one gets 

i?2 = 2[i{uj - ujo) - G]R'2 , 

The solution is 

The ingoing wave and the outgoing wave to Eq. (^3p are 

_^out _ g-iajD*g2[j(a;-a;o)-C]r« ^ ^^'j 

Near the event horizon, we have 
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Clearly, the outgoing wave i?2"*(r > rn) is not analytic at the event horizon r = rH, but 
can be analytically extended from the outside of the hole into the inside of the hole through 
the lower complex r-plane 



[rH 



re 



to 



R 



out 



-iuiVt 2[i{ijj— wo)— C]r^ iTTC/Kn{uj—u>o)/K 



(r < rn) ■ 



(29) 



So the relative scattering probability of the outgoing wave at the horizon is easily obtained 

2 



Dout 
K2 



Dout 

1X9 



-27r(a;— cjq)/ k 



(30) 



According to the method suggested by Damour and Ruffini [|TT| and developed by Sannan 



n], the thermal radiation Fermionic spectrum of Dirac particles from the event horizon of 



the hole is given by 



(AC) 



1 



with the Hawking temperature being 



whose obvious expression is 

Th 



K 



(31) 



(32) 



Attth Mth - (572 - Arjj /6 ' 

It follows that the temperature depends on the time, because it is determined by the sur- 
face gravity k, a function of v. The temperature is consistent with that derived from the 
investigation of the thermal radiation of Klein-Gordon particles 0. 



VI. CONCLUSIONS 

Equations (|T6|) and (p3D give the location and the temperature of event horizon, which 
depend on the advanced time v. They are just the same as that obtained in the discussion 
on thermal radiation of Klein-Gordon particles in the same space-time. Eq. (^) shows 
the thermal radiation spectrum of Dirac particles in a charged Vaidya black hole with a 
cosmological constant A. 
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In conclusion, we have studied the Hawking radiation of Dirac particles in a black hole 
whose mass and electric charge change with time. Our results are consistent with others. In 
this paper, we have dealt with the asymptotic behavior of the separated Dirac equation near 
the event horizon, not only its first order form but also its second order form. We find that 
the limiting form of its first order form puts very strong restrict on the Hawking radiation, 
that is, not all components of Dirac spinors but P21Q1 display the property of thermal 
radiation. The asymmetry of Hawking radiation with respect to the four- component Dirac 
spinors probaly originate from the asymmetry of space-times in the advanced Eddington- 
Finkelstein coordinate. This point has not been revealed previously. 

In addition, our analysis demonstrates that except the Coulomb energy cuq, there was 
no new quantum effect in a Vaidya-type space-time as declared by Li . This conclusion 
holds true in any spherically symmetric black hole whether it is static or non-static. 
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